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Abstract. The c-axis charge dynamics of copper oxide materials in the underdoped and optimally doped
regimes has been studied by considering the incoherent interlayer hopping. It is shown that the c-axis
charge dynamics for the chain copper oxide materials is mainly governed by the scattering from the in-
plane fluctuation, and the c-axis charge dynamics for the no-chain copper oxide materials is dominated
by the scattering from the in-plane fluctuation incorporating with the interlayer disorder, which would
be suppressed when the holon pseudogap opens at low temperatures and lower doping levels, leading to
the crossovers to the semiconducting-like range in the c-axis resistivity and the temperature linear to the
nonlinear range in the in-plane resistivity.

PACS. 71.27.+a Strongly correlated electron systems; heavy fermions – 72.10.-d Theory of electronic
transport; scattering mechanisms – 74.72.-h High-Tc compounds

1 Introduction

It has become clear in the past several years that copper
oxide materials are among the most complex systems stud-
ied in condensed matter physics, and show many unusual
normal-state properties. The complications arise mainly
from (1) strong anisotropy in the properties parallel and
perpendicular to the CuO2 planes which are the key struc-
tural element in the whole copper oxide superconduct-
ing materials, and (2) extreme sensitivity of the prop-
erties to the compositions (stoichiometry) which control
the carrier density in the CuO2 plane [1], while the un-
usual normal-state feature is then closely related to the
fact that these copper oxide materials are doped Mott
insulators, obtained by chemically adding charge carriers
to a strongly correlated antiferromagnetic (AF) insulat-
ing state, therefore the physical properties of these sys-
tems mainly depend on the extent of dopings, and the
regimes have been classified into the underdoped, opti-
mally doped, and overdoped, respectively [2]. The normal-
state properties of copper oxide materials in the under-
doped and optimally doped regimes exhibit a number of
anomalous properties in the sense that they do not fit in
the conventional Fermi-liquid theory [2,3], and the mech-
anism for the superconductivity in copper oxide materi-
als has been widely recognized to be closely associated
with the anisotropic normal-state properties [4,5]. Among
the striking features of the normal-state properties in the
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underdoped and optimally doped regimes, the physical
quantity which most evidently displays the anisotropic
property in copper oxide materials is the charge dynam-
ics [5], which is manifested by the optical conductivity and
resistivity. It has been show from the experiments that the
in-plane charge dynamics is rather universal within the
whole copper oxide materials [2,5]. The in-plane optical
conductivity for the same doping is nearly materials inde-
pendent both in the magnitude and energy dependence,
and shows the non-Drude behavior at low energies and
anomalous midinfrared band in the charge-transfer gap,
while the in-plane resistivity ρab(T ) exhibits a linear be-
havior in the temperature in the optimally doped regime
and a nearly temperature linear dependence with devia-
tions at low temperatures in the underdoped regime [2,5].
By contrast, the magnitude of the c-axis charge dynam-
ics in the underdoped and optimally doped regimes is
strongly materials dependent, i.e., it is dependent on
the species of the building blocks in between the CuO2

planes [6–10]. In the underdoped and optimally doped
regimes, the experimental results [6–10] show that the ra-
tio R = ρc(T )/ρab(T ) ranges from R ∼ 100 to R > 105,
this large magnitude of the resistivity anisotropy reflects
that the c-axis mean free path is shorter than the inter-
layer distance, and the carriers are tightly confined to
the CuO2 planes, and also is the evidence of the inco-
herent charge dynamics in the c-axis direction. For the
copper oxide materials without the Cu-O chains in be-
tween the CuO2 planes [9], such as La2−xSrxCuO4 sys-
tems, the transferred weight in the c-axis conductivity
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forms a band peaked at high energy ω ∼ 2 eV, and the
low-energy spectral weight is quite small and spread over
a wide energy range instead of forming a peak at low en-
ergies, in this case the behavior of the c-axis temperature
dependent resistivity ρc(T ) is characterized by a crossover
from the high temperature metallic-like to the low tem-
perature semiconducting-like [9]. However, for these cop-
per oxide materials with the Cu-O chains in between the
CuO2 planes [10], such as YBa2Cu3O7 systems, the c-axis
conductivity exhibits the non-Drude behavior at low ener-
gies and weak midinfrared band, moreover, this weak mid-
infrared band rapidly decrease with reducing dopings or
increasing temperatures, while the c-axis resistivity ρc(T )
is linear in temperatures in the optimally doped regime,
and shows a crossover from the high temperature metallic-
like behavior to the low temperature semiconducting-like
behavior in the underdoped regime [10]. Therefore there
are some subtle differences between the chain and no-chain
copper oxide materials.

The c-axis charge dynamics of copper oxide mate-
rials has been addressed from several theoretical view-
points [11–15]. Based on the concept of dynamical dephas-
ing, Leggett [11] thus proposed that the c-axis conduction
has to do with scatterings from in-plane thermal fluctu-
ations, and depends on the ratio of the interlayer hop-
ping rate of CuO2 sheets to the thermal energy. While
the theory of tunneling c-axis conductivity in the inco-
herent regime has been given by many researchers [12].
Based on a highly anisotropic Fermi-liquid, some ef-
fect from the interlayer static disorder or dynamical one
has been discussed [13]. The similar incoherent conduc-
tivity in the coupled fermion chains has been in more
detail studied by many authors within the framework
of the non-Fermi-liquid theory [14]. Moreover, the most
reliable result for the c-axis charge dynamics from the
model relevant to copper oxide materials has been ob-
tained by the numerical simulation [15]. It has been argued
that the in-plane resistivity deviates from the temperature
linear behavior and temperature coefficient of the c-axis
resistivity change sign, showing semiconducting-like be-
havior at low temperatures are associated with the effect
of the pseudogap [9,10]. To shed light on this issue, we,
in this paper, apply the fermion-spin approach [16,17] to
study the c-axis charge dynamics by considering the in-
terlayer coupling.

The paper is organized as follows. The theoretical
framework is presented in Section 2. In the case of the inco-
herent interlayer hopping, the c-axis current-current cor-
relation function (then the c-axis optical conductivity) is
calculated in terms of the in-plane single-particle spectral
function by using standard formalisms for the tunneling in
metal-insulator-metal junctions [18,19]. Within this the-
oretical framework, we discuss the c-axis charge dynam-
ics of the chain copper oxide materials in Section 3. It is
shown that the c-axis charge dynamics of the chain copper
oxide materials is mainly governed by the scattering from
in-plane charged holons due to spinon fluctuations, and
the behavior of the c-axis resistivity is the metallic-like in
the optimally doped regime and the semiconducting-like in

the underdoped regime at low temperatures. In Section 4,
the c-axis charge dynamics of the no-chain copper oxide
materials is discussed. Our result shows that the scatter-
ing from the in-plane fluctuation incorporating with the
interlayer disorder dominates the c-axis charge dynamics
for the no-chain copper oxide materials. In this case, the
c-axis resistivity exhibits the semiconducting-like behav-
ior in the underdoped and optimally doped regimes at
low temperatures. Section 5 is devoted to a summary and
discussions. Our results also show that the crossover to
the semiconducting-like range in ρc(T ) is obviously linked
with the crossover from the temperature linear to the non-
linear range in ρab(T ), and the common origin for these
crossovers is due to the existence of the holon pseudogap
at low temperatures and lower doping levels.

2 Theoretical framework

Among the microscopic models the most simplest for the
discussion of doped Mott insulators is the t-J model [20],
which is originally introduced as an effective Hamil-
tonian of the Hubbard model in the strong coupling
regime, where the electron become strongly correlated
to avoid the double occupancy. The interest in the t-
J model is stimulated by many researchers’ suggestions
that it may contain the essential physics of copper oxide
materials [20,21]. On the other hand, there is a lot of evi-
dence from the experiments and numerical simulations in
favour of the t-J model as the basic underlying micro-
scopic model [3,22]. Within each CuO2 plane, the physics
property may be described by the two-dimensional (2D)
t-J model,

Hl = −t
∑
iη̂σ

C†liσCli+η̂σ + h.c.

− µ
∑
iσ

C†liσCliσ + J
∑
iη̂

Sli · Sli+η̂, (1)

supplemented by the on-site local constraint∑
σ C
†
liσCliσ ≤ 1 to avoid the double occupancy,

where η̂ = ±a0x̂,±a0ŷ, a0 is the lattice constant of
the square planar lattice, which is set as the unit
hereafter, i refers to planar sites within the lth CuO2

plane, C†liσ (Cliσ) are the electron creation (annihilation)
operators, Sli = C†liσCli/2 are the spin operators with
σ = (σx, σy, σz) as the Pauli matrices, and µ is the
chemical potential. Then the hopping between CuO2

planes is considered as [15]

H = −tc
∑
lη̂ciσ

C†liσCl+η̂ciσ + h.c.+
∑
l

Hl, (2)

where η̂c = ±c0ẑ, c0 is the interlayer distance, and has
been determined from the experiments [23] as c0 > 2a0.
As mentioned above, the experimental results show that
the c-axis charge dynamics in the underdoped and op-
timally doped regimes is incoherent, therefore the c-axis
momentum can not be defined [24]. Moreover, the absence
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of the coherent c-axis charge dynamics is a consequence of
the weak interlayer hopping matrix element tc, but also of
a strong intralayer scattering, i.e., tc � t, and therefore
the common CuO2 planes in copper oxide materials clearly
dominate the most normal-state properties. In this case,
the most relevant for the study of the c-axis charge dy-
namics is the results on the in-plane conductivity σab(ω)
and related single-particle spectral function A(k, ω).

Since the strong electron correlation in the t-J model
manifests itself by the electron single occupancy on-site
local constraint, then the crucial requirement is to impose
this electron on-site local constraint for a proper under-
standing of the physics of copper oxide materials. To incor-
porate this local constraint, the fermion-spin theory based
on the charge-spin separation has been proposed [16,17].
According to the fermion-spin theory, the constrained elec-
tron operators in the t-J model is decomposed as [16],

Cli↑ = h†liS
−
li , Cli↓ = h†liS

+
li , (3)

with the spinless fermion operator hi keeps track of the
charge (holon), while the pseudospin operator Si keeps
track of the spin (spinon). The main advantage of this ap-
proach is that the electron on-site local constraint can be
treated exactly in analytical calculations. In this case, the
low-energy behavior of the t-J model (2) in the fermion-
spin representation can be written as [25],

H = tc
∑
lη̂ci

h†l+η̂cihli(S
+
li S
−
l+η̂ci

+ S−li S
+
l+η̂ci

) +
∑
l

Hl,

(4a)

Hl = t
∑
iη̂

h†li+η̂hli(S
+
li S
−
li+η̂ + S−li S

+
li+η̂)

+ µ
∑
i

h†lihli + Jeff

∑
iη̂

(Sli · Sli+η̂), (4b)

where Jeff = J [(1− δ)2 − φ2], the in-plane holon particle-
hole parameter φ = 〈h†lihli+η̂〉, and S+

li and S−li are the
pseudospin raising and lowering operators, respectively.
As a consequence, the kinetic part in the t-J model has
been expressed as the holon-spinon interaction in the
fermion-spin representation, which dominates the charge
and spin dynamics in copper oxide materials in the under-
doped and optimally doped regimes. The spinon and holon
may be separated at the mean-field level, but they are
strongly coupled beyond mean-field approximation (MFA)
due to fluctuations.

The mean-field theory within the fermion-spin for-
malism in the underdoped and optimally doped regimes
without AF long-range-order (AFLRO) has been devel-
oped [17], and the in-plane mean-field spinon and holon
Green’s functions D(0)

ab (i−j, τ−τ ′) = −〈TτS+
li (τ)S−lj (τ ′)〉0

and g(0)
ab (i−j, τ−τ ′) = −〈Tτhli(τ)h†lj(τ

′)〉0 have been eval-
uated [17] as,

D
(0)
ab (k, ω) =

Bk
2ω(k)

(
1

ω − ω(k)
− 1
ω + ω(k)

)
, (5)

g
(0)
ab (k, ω) =

1
ω − ξk

, (6)

respectively, where Bk = λ[(2εχz + χ)γk − (εχ + 2χz)],
γk = (1/Z)

∑
η eik·η̂, λ = 2ZJeff , ε = 1 + 2tφ/Jeff , Z

is the number of the nearest neighbor sites at the plane,
while the in-plane mean-field spinon spectrum

ω2(k) = λ2

(
αε[χzγk +

1
2Z

χ]− [αCz +
1

4Z
(1− α)]

)
× (εγk − 1)

+ λ2

(
αε[

1
2
χγk +

1
Z
χz]−

1
2
ε[αC +

1
2Z

(1− α)]
)

× (γk − ε), (7)

and the in-plane mean-field holon spectrum
ξk = 2Zχtγk + µ, with the in-plane spinon corre-
lation functions χ = 〈S+

li S
−
li+η̂〉, χz = 〈SzliSzli+η̂〉,

C = (1/Z2)
∑
η̂,η̂′〈S

+
li+η̂S

−
li+η̂′
〉, and Cz = (1/Z2) ×∑

η̂,η̂′〈Szli+η̂Szli+η̂′〉. In order not to violate the sum rule

of the correlation function 〈S+
li S
−
li 〉 = 1/2 in the case

without AFLRO, the important decoupling parameter α
has been introduced in the mean-field calculation [17],
which can be regarded as the vertex correction. The
mean-field order parameter χ, C, χz, Cz, φ, the decou-
pling parameter α, and chemical potential µ have been
determined [17,27] by the self-consistent equations, and
the results for the order parameters χ, C, χz, Cz , and φ
are very close to our previous works [16] based on the 2D
Jordan-Wigner approach [26]. These order parameters
are doping and temperature dependence, and the detailed
discussions have been given in reference [27].

Within the 2D t-J model, the in-plane charge dynam-
ics in copper oxide materials has been discussed [25] by
considering fluctuations around this mean-field solution,
and the result exhibits a behavior similar to that seen in
the experiments [2,3] and numerical simulations [28]. In
the framework of the charge-spin separation, an electron is
represented by the product of a holon and a spinon, then
the external field can only be coupled to one of them. Ac-
cording to the Ioffe-Larkin combination rule [29,30], the
physical c-axis conductivity σc(ω) is given by,

σ−1
c (ω) = σ(h)−1

c (ω) + σ(s)−1
c (ω), (8)

where σ(h)
c (ω) and σ

(s)
c (ω) are the contributions to the c-

axis conductivity from holons and spinons, respectively,
and can be expressed [18] as,

σ(h)
c (ω) = − ImΠ(h)

c (ω)
ω

,

σ(s)
c (ω) = − ImΠ(s)

c (ω)
ω

, (9)

with Π(h)
c (ω) and Π(s)

c (ω) are the spinon and holon c-axis
current-current correlation functions, respectively, which
are defined as,

Π(s)
c (τ − τ ′) = −〈Tτj(s)

c (τ)j(s)
c (τ ′)〉,

Π(h)
c (τ − τ ′) = −〈Tτj(h)

c (τ)j(h)
c (τ ′)〉. (10)
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Within the Hamiltonian (4), the c-axis current densities
of spinons and holons are obtained by the time derivation
of the polarization operator using Heisenberg’s equation
of motion as, j(s)

c = tceφc
∑
lη̂ci

η̂c(S+
li S
−
l+η̂ci

+ S−li S
+
l+η̂ci

)

and j
(h)
c = 2t̃ceχ

∑
lη̂ci

η̂ch
†
l+η̂ci

hli, respectively, with t̃c =
tcχc/χ is the effective interlayer holon hopping matrix ele-
ment, and the order parameters χc and φc are defined [17]
as χc = 〈S+

li S
−
l+η̂ci
〉, and φc = 〈h†lihl+η̂ci〉, respectively.

With the help of the spinon and holon c-axis current den-
sities, the c-axis spinon and holon current-current corre-
lation functions (10) can be expressed as,

Π(s)
c (τ − τ ′) = −(tceφc)2

∑
lη̂cil′η̂′ci

′

η̂cη̂
′
c〈Tτ [S+

li (τ)S−l+η̂ci(τ)

+ S−li (τ)S+
l+η̂ci

(τ)]

× [S+
l′i′(τ

′)S−l′+η̂′ci′(τ
′) + S−l′i′(τ

′)S+
l′+η̂′ci

′(τ ′)]〉, (11a)

Π(h)
c (τ − τ ′) = −(2t̃ceχ)2

×
∑

lη̂cil′η̂′ci
′

η̂cη̂
′
c〈Tτh

†
l+η̂ci

(τ)hli(τ)h†l′+η̂′ci′(τ
′)hl′i′(τ ′)〉,

(11b)

respectively. Since the spinon operators obey the Pauli al-
gebra, we can map the spinon operators into the spinless-
fermion representation in terms of the 2D Jordan-Wigner
transformation [26] or the CP1 fermion representation for
the formal many particle calculation [31]. On the other
hand, in the case of the incoherent charge dynamics in the
c-axis direction, i.e., the independent electron propagation
in the each layer, the c-axis spinon and holon current-
current correlation functions are then proportional to the
tunneling rate between just two adjacent planes, and can
be calculated in terms of the in-plane spinon and holon
Green’s function Dab(k, ω) and gab(k, ω), respectively, by
using standard formalisms for the tunneling in metal-
insulator-metal junctions [15,18,19]. In this case, the
c-axis spinon and holon current-current correlation func-
tions (11) can be evaluated as,

Π(s)
c (τ − τ ′) = −(tceφc)2

∑
lη̂cii′

[η̂2
cDab(l, i− i′, τ − τ ′)

×Dab(l + η̂c, i
′ − i, τ ′ − τ)

−η̂2
cDab(l, i− i′, τ − τ ′)Dab(l + η̂c, i

′ − i, τ ′ − τ)
+η̂2

cDab(l + η̂c, i− i′, τ − τ ′)Dab(l, i′ − i, τ ′ − τ)
−η̂2

cDab(l + η̂c, i− i′, τ − τ ′)Dab(l, i′ − i, τ ′ − τ) ≡ 0,
(12a)

Π(h)
c (τ − τ ′) = −(2t̃ceχ)2

∑
lη̂cii′

η̂2
cgab(l, i− i′, τ − τ ′)

× gab(l + η̂c, i
′ − i, τ ′ − τ). (12b)

Therefore as in the previous discussions [25], we find
that there is no the direct contribution to the current-
current correlation from spinons, but the strongly corre-
lation between holons and spinons is considered through

the spinon’s order parameters entering in the holon part of
the contribution to the current-current correlation, then
the charge dynamics in copper oxide materials is mainly
caused by charged holons within the CuO2 planes, which
are strongly renormalized because of the strong inter-
action with fluctuations of surrounding spinon excita-
tions. In the energy and momentum space, the c-axis
holon current-current correlation function (12b) can be
expressed as,

Π(h)
c (iωn) = −1

2
(4t̃ceχc0)2 1

N

×
∑
k

1
β

∑
iω′m

gab(k, iω′m + iωn)gab(k, iω′m),

(13)

where iωn is the Matsubara frequency. Then the c-axis
current-current correlation function is essentially deter-
mined by the property of the in-plane full holon propaga-
tor gab(k, iωn), which can be expressed as,

gab(k, iωn) =
1

g
(0)−1
ab (k, iωn)−Σ(2)

h (k, iωn)

=
1

iωn − ξk −Σ(2)
h (k, iωn)

, (14)

where the holon self-energy has been obtained by consid-
ering the second-order correction due to the spinon pair
bubble as [25],

Σ
(2)
h (k, iωn)=(Zt)2 1

N2

∑
pp′

(γp′−k+γp′+p+k)2 Bp′Bp+p′

4ωp′ωp+p′

×
(

2
nF(ξp+k)[nB(ωp′)−nB(ωp+p′)]−nB(ωp+p′)nB(−ωp′)

iωn+ωp+p′−ωp′−ξp+k

+
nF(ξp+k)[nB(ωp+p′)−nB(−ωp′)]+nB(ωp′)nB(ωp+p′)

iωn+ωp′+ωp+p′−ξp+k

−
nF(ξp+k)[nB(ωp+p′)−nB(−ωp′)]−nB(−ωp′)nB(−ωp+p′)

iωn−ωp+p′−ωp′−ξp+k

)
,

(15)

with nF(ξk) and nB(ωk) are the Fermi and Bose distri-
bution functions, respectively. For the convenience in the
following discussions, the above full holon in-plane Green’s
function gab(k, iωn) also can be expressed as frequency in-
tegrals in terms of the spectral representation as,

gab(k, iωn) =
∫ ∞
−∞

dω
2π

Ah(k, ω)
iωn − ω

, (16)

with the in-plane holon spectral function Ah(k, ω) =
−2Im gab(k, ω). Then the c-axis optical conductivity in
the present theoretical framework is expressed [18] as
σc(ω) = −ImΠ

(h)
c (ω)/ω.

3 Charge dynamics for the chain copper oxide
materials

We firstly consider the chain copper oxide materials. From
the experiments testing the c-axis charge dynamics [10],
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Fig. 1. The c-axis optical conductivity σc for the chain copper
oxide materials at the doping δ = 0.12 (solid line), δ = 0.09
(dashed line), and δ = 0.06 (dot-dashed line) for t/J = 2.5,
t̃c/t = 0.04, and c0/a0 = 2.5 with the temperature T = 0.

it has been shown that the presence of the rather conduc-
tive Cu-O chains in the underdoped and optimally doped
regimes can reduce the blocking effect, and therefore the
c-axis charge dynamics in this system is effected by the
same electron interaction as that in the in-plane. In this
case, we substitute equation (16) into equation (13), and
evaluate the frequency summations, then the c-axis opti-
cal conductivity for the chain copper oxide materials can
be obtained as [15,18,19],

σc(ω) =
1
2

(4t̃ceχc0)2 1
N

×
∑
k

∫ ∞
−∞

dω′

2π
Ah(k, ω′ + ω)Ah(k, ω′)

× nF(ω′ + ω)− nF(ω′)
ω

, (17)

where the in-plane momentum is conserved. This c-axis
conductivity σc(ω) has been calculated numerically, and
the result at the doping δ = 0.12 (solid line), δ = 0.09
(dashed line), and δ = 0.06 (dot-dashed line) for the pa-
rameters t/J = 2.5, t̃c/t = 0.04, and c0/a0 = 2.5 at the
temperature T = 0 is shown in Figure 1, where the charge
e has been set as the unit. From Figure 1, we find that
there is two bands in σc(ω) separated at ω ∼ 0.4t, the
higher-energy band, corresponding to the “midinfrared
band” in the in-plane optical conductivity σab(ω) [2,3,25],
shows a broad peak at ω ∼ 0.7t, in particular, the weight
of this band is strongly doping dependent, and decreas-
ing rapidly with dopings, but the peak position does not
appreciably shift to higher energies. On the other hand,
the transferred weight of the lower-energy band forms a
sharp peak at ω < 0.4t, which can be described formally
by the non-Drude formula, and our analysis indicates that
this peak decay is → 1/ω at low energies as in the case
of σab(ω) [2,3,25]. In comparison with σab(ω) [25], the
present result also shows that the values of σc(ω) are by
2∼3 orders of magnitude smaller than those of σab(ω) in
the corresponding energy range. The finite temperature
behavior of σc(ω) also has been discussed, and the result
shows that σc(ω) is temperature dependent, the higher-

Fig. 2. The c-axis electron resistivity ρc for the chain copper
oxide materials at t/J = 2.5, t̃c/t = 0.04, and c0/a0 = 2.5 for
(a) the doping δ = 0.12 and (b) δ = 0.06.

energy band is severely suppressed with increasing tem-
peratures, and vanishes at higher temperatures. These re-
sults are qualitatively consistent with the experimental
results [10] of the chain copper oxide materials and nu-
merical simulations [15].

With the help of the c-axis conductivity, the c-axis re-
sistivity can be obtained as ρc = 1/ limω→0 σc(ω), and the
numerical result at the doping δ = 0.12 and δ = 0.06 for
the parameters t/J = 2.5, t̃c/t = 0.04, and c0/a0 = 2.5
is shown in Figures 2a and 2b, respectively. In the un-
derdoped regime, the behavior of the temperature depen-
dence of ρc(T ) shows a crossover from the high tempera-
ture metallic-like (dρc(T )/dT > 0) to the low temperature
semiconducting-like (dρc(T )/dT < 0), but the metallic-
like temperature dependence dominates over a wide tem-
perature range. Therefore in this case, there is a gen-
eral trend that the chain copper oxide materials show
nonmetallic ρc(T ) in the underdoped regime at low
temperatures. While in the optimally doped regime, ρc(T )
is linear in temperatures, and shows the metallic-like be-
havior for all temperatures. These results are also qualita-
tively consistent with the experimental results of the chain
copper oxide materials [10] and numerical simulation [15].

4 Charge dynamics for the no-chain copper
oxide materials

Now we turn to discuss the c-axis charge dynamics of
the no-chain copper oxide materials. It has been indicated
from the experiments [9] that for the no-chain copper ox-
ide materials the doped holes may introduce a disorder
in between the CuO2 planes, contrary to the case of the
chain copper oxide materials [10], where the increasing
doping reduces the disorder in between the CuO2 planes
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Fig. 3. The c-axis optical conductivity σ
(n)
c for the no-chain

copper oxide materials at the doping δ = 0.10 (solid line),
δ = 0.08 (dashed line), and δ = 0.06 (dot-dashed line) for
t/J = 2.5, t̄c/t = 0.04, and c0/a0 = 2.5 with the temperature
T = 0.

due to the effect of the Cu-O chains. Therefore for the
no-chain copper oxide materials, the disorder introduced
by doped holes residing between the CuO2 planes modi-
fies the interlayer hopping elements as the random matrix
elements. In this case, only the in-plane holon density of
states (DOS) Ωh(ω) = 1/N

∑
kAh(k, ω) enters the holon

current-current correlation function as in disordered sys-
tems [15,32], and after a similar discussion as in Section 2,
we find that the corresponding momentum-nonconserving
expression of the c-axis conductivity σ

(n)
c (ω) for the no-

chain copper oxide materials is obtained by the replace-
ment of the in-plane holon spectral function Ah(k, ω)
in equation (17) with the in-plane holon DOS Ωh(ω)
as [15,32],

σ(n)
c (ω) =

1
2

(4t̄ceχc0)2

∫ ∞
−∞

dω′

2π
Ωh(ω′ + ω)Ωh(ω′)

× nF(ω′ + ω)− nF(ω′)
ω

, (18)

where the t̄c is some average of the random interlayer hop-
ping matrix elements (t̃c)li. We have performed a numer-
ical calculation for this c-axis conductivity σ

(n)
c (ω), and

the result at the doping δ = 0.10 (solid line), δ = 0.08
(dashed line), and δ = 0.06 (dash-dotted line) for the
parameters t/J = 2.5, t̄c/t = 0.04 with the tempera-
ture T = 0 is plotted in Figure 3. This result shows
that the c-axis conductivity σ

(n)
c (ω) contains two bands,

the higher-energy band, corresponding to the midinfrared
band in the in-plane conductivity σab(ω) [2,3,25], shows
a broad peak at ∼ 0.3t. The weight of this band is in-
creased with dopings, but the peak position does not ap-
preciably shift to lower energies. As a consequence of this
pinning of the transferred spectral weight, the weight of
the lower-energy band, corresponding to the non-Drude
peak in σab(ω) [2,3,25], is quite small and does not form
a well-defined peak at low energies in the underdoped and
optimally doped regimes. In this case, the conductivity
σ

(n)
c (ω) at low energies cannot be described by the over-

damped Drude-like formula even an ω-dependence of the

Fig. 4. The c-axis electron resistivity ρ
(n)
c for the no-chain

copper oxide materials at t/J = 2.5, t̄c/t = 0.04, and c0/a0 =
2.5 for (a) the doping δ = 0.10 and (b) δ = 0.06.

in-plane holon scattering rate has been taken into con-
sideration. In comparison with the momentum-conserving
σc(ω), our result also shows that at low energies the sup-
pression of the momentum-nonconserving σ(n)

c (ω) is due
to the disordered effect introduced by doped holes residing
between the CuO2 planes. These results are qualitatively
consistent with the experimental results of the no-chain
copper oxide materials [9].

For the further understanding the transport property
of the no-chain copper oxide materials, we have also per-
formed the numerical calculation for the c-axis resistivity
ρ

(n)
c = 1/ limω→0 σ

(n)
c (ω), and the results at the doping

δ = 0.10 and δ = 0.06 for the parameters t/J = 2.5,
t̄c/t = 0.04, and c0 = 2.5a0 are shown in Figures 4a
and 4b, respectively. In accordance with the c-axis conduc-
tivity σ(n)

c (ω), the behavior of the c-axis resistivity ρ(n)
c (T )

in the underdoped and optimally doped regimes is the
semiconducting-like at low temperatures, and metallic-
like at higher temperatures. In comparison with the in-
plane resistivity ρab(T ) [25], it is shown that the values of
the c-axis resistivity ρ(n)

c (T ) for the no-chain copper oxide
materials are by 3∼4 orders of magnitude larger than these
of the in-plane resistivity ρab(T ) in the corresponding en-
ergy range, which are also qualitatively consistent with
the experimental results of the no-chain copper oxide ma-
terials [9].

5 Summary and discussions

In the above discussions, the central concerns of the c-axis
charge dynamics in copper oxide materials are the two di-
mensionality of the electron state and incoherent hopping
between the CuO2 planes, and therefore the c-axis charge
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Fig. 5. The in-plane holon density of states at t/J = 2.5 for
(a) the doping δ = 0.06, (b) δ = 0.12, and (c) δ = 0.15. The
dashed line is the result at the mean-field level.

dynamics in the present fermion-spin picture based on the
charge-spin separation is mainly determined by the in-
plane charged holon fluctuation for the chain copper ox-
ide materials and the in-plane charged holon fluctuation
incorporating with the interlayer disorder for the no-chain
copper oxide materials. In comparison with the in-plane
resistivity ρab(T ) [25], it is shown that the crossover to
the semiconducting-like range in ρc(T ) is obviously linked
with the crossover from the temperature linear to the non-
linear range in ρab(T ), i.e., they should have a common
origin.

In the fermion-spin theory [16], the charge and spin de-
grees of freedom of the physical electron are separated as
the holon and spinon, respectively. Although both holons
and spinons contributed to the charge and spin dynamics,
it has been shown that the scattering of spinons dominates
the spin dynamics [31], while the results of the in-plane
charge dynamics [25] and present c-axis charge dynam-
ics show that scattering of holons dominates the charge
dynamics, the two rates observed in the experiments [2]
are attributed to the scattering of two distinct excitations,
spinons and holons. It has been shown that an remarkable
point of the pseudogap is that it appears in both of spinon
and holon excitations [1–10]. The present study indicates
that the observed crossovers of ρab and ρc for copper ox-
ide materials seem to be connected with the pseudogap in
the in-plane charge holon excitations, which can be un-
derstood from the physical property of the in-plane holon
DOS. The numerical result of the in-plane holon DOS
Ωh(ω) at the doping δ = 0.06, δ = 0.12, and δ = 0.15
for the parameter t/J = 2.5 at the temperature T = 0 is
shown in Figures 5a, 5b, and 5c, respectively. For compar-

Fig. 6. The in-plane holon density of states for t/J = 2.5
at the doping δ = 0.06 for the temperature (a) T = 0, (b)
T = 0.01J , and (c) T = 0.2J .

ison, the corresponding mean-field result (dashed line) is
also shown in Figure 5. While the in-plane holon density of
states Ωh(ω) in the underdoping δ = 0.06 as a function of
energy for the temperature (a) T = 0, (b) T = 0.01J , and
(c) T = 0.2J is plotted in Figure 6. From Figures 5 and 6,
we therefore find that the in-plane holon DOS in MFA
consists of the central part only, which comes from the
noninteracting particles as pointed in reference [30]. After
including fluctuations the central part is renormalized and
two side bands [30] and a V-shape holon pseudogap near
the chemical potential µ in the underdoped regime ap-
pear. But these two side bands are almost doping and
temperature independent, while the V-shape holon pseu-
dogap is doping and temperature dependent, and grows
monotonously as the doping δ decreases, and disappear
in the overdoped regime. Moreover, this holon pseudo-
gap also decreases with increasing temperatures, and van-
ishes at higher temperatures. Since the full holon Green’s
function (then the holon spectral function and DOS) is
obtained by considering the second-order correction due
to the spinon pair bubble, then the holon pseudogap is
closely related to the spinon fluctuation. For small dop-
ings and lower temperatures, the holon kinetic energy is
much smaller than the magnetic energy, i.e., δt � J ,
in this case the magnetic fluctuation is strong enough to
lead to the holon pseudogap. This holon pseudogap would
reduce the in-plane holon scattering and thus is respon-
sible for the metallic to semiconducting crossover in the
c-axis resistivity ρc and the deviation from the temper-
ature linear behavior in the in-plane resistivity ρab [25].
This holon pseudogap will also lead to form the normal-
state gap in the system, and the similar result has been
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obtained from the doped kagomé and triangular antifer-
romagnets [33], where the strong quantum fluctuation
of spinons due to the geometric frustration leads to the
normal-state gap. With increasing temperatures or dop-
ings, the holon kinetic energy is increased, while the spinon
magnetic energy is decreased. In the region where the
holon pseudogap closes, at high temperatures or at higher
doping levels, the charged holon scattering would give rise
to the temperature linear in-plane resistivity as well as the
metallic temperature dependence of the c-axis resistivity.
Our results also show that ρab(T ) is only slightly affected
by this holon pseudogap [25], while ρc(T ) is more sensitive
to the underlying mechanism.

In summary, we have studied the c-axis charge dy-
namics of copper oxide materials in the underdoped and
optimally doped regimes within the t-J model by con-
sidering the incoherent interlayer hopping. Our result
shows the c-axis charge dynamics for the chain copper ox-
ide materials is mainly governed by the scattering from
the in-plane fluctuation, and the c-axis charge dynam-
ics for the no-chain copper oxide materials is dominated
by the scattering from the in-plane fluctuation incorpo-
rating with the interlayer disorder, which would be sup-
pressed when the holon pseudogap opens at low temper-
atures and lower doping levels, leading to the crossovers
to the semiconducting-like range in the c-axis resistivity
ρc(T ) and the temperature linear to the nonlinear range in
the in-plane resistivity ρab(T ). Because copper oxide ma-
terials are very complex systems, it is also possible that
the actual c-axis conductivity may be a linear combina-
tion of the momentum-conserving σc(ω) and momentum-
nonconserving σ(n)

c (ω), but we believe that σc(ω) should
be the major part of the c-axis conductivity in the chain
copper oxide materials, while σ

(n)
c should be the major

part of the c-axis conductivity in the no-chain copper ox-
ide materials.
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